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Abstrat
The problem of group extension an be divided into two sub-problems. The rst is to nd all the
possible extensions of H by K. The seond is to nd the dierent ways a group G an arise as an
extension of H by K. Here we prove that the diret produt H ×K an arise as an extension of H by K
in an essentially unique way: that is the diret extension. I would like to thank Yaine Dolivet for drawing
my attention to the diret extension theorem, and Anne-Marie Aubert as well as Charles-Antoine Louet
for their support.
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NOTATIONS:
• 1: is the identity group
• G, H , K, L... will denote nite groups
• H 6 G: H is a subgroup of G
• H < G: H is a subgroup of G distint from G
• H EG: H is a normal subgroup of G
• Z(G): is the enter of G
• G′: is the derived group of G
• Card(G) or |G|: is the order of the nite group G
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1 Statement of the theorem
In this paper, we prove the following theorem, whih we all the diret extension theorem.
Theorem 1.1  Let G, H and K be three nite groups. If G and H × K are isomoprhi, then every
group extension 1 7−→ H 7−→ G 7−→ K 7−→ 1 is a diret extension.
We may reformulate the theorem as follows.
Theorem 1.2  Let G = H.K be a deomposition of the nite group G into diret fators and H0 be a
normal subgroup of G. Assume that H0 and H are isomorphi, as well as G/H0 and K. Then H0 is a diret
fator of G (that is, there exists K0 EG suh that G = H0.K0 and H0 ∩K0 = 1).
We use the latter statement of the theorem in the proof. Assume that the theorem does not hold, then
there is ounter-example (G = H.K;H0), whih is minimal with respet to CardG. We shall derive a
ontradition from the existene of G.
2 A few preliminary general results
In this setion, G is any nite group, not neesseraly the group that appears in the theorem.
2.1 Subgroups of a diret produt G = H.K
We give here some useful simple results:
Proposition 2.1  Let L be a subgroup of G, whih we do not assume to be normal, and G = H.K a
deomposition of G into diret fators. Assume that H ⊆ L. Then L = H.(L ∩K). In partiular, H is a
diret fator of L.
Proof  It is lear that H.(L∩K) ⊆ L. Now, every l ∈ L may be written l = h.k, with h ∈ H and k ∈ K.
H ⊆ L, whih shows that h ∈ L. Thus k ∈ L ∩K and l ∈ H.(L ∩K). Q.E.D.
Proposition 2.2  Let G = H.K be a deomposition of G into diret fators. Then G′ = H ′.K ′ and
Z(G) = Z(H).Z(K).
Proof  The rst assertion omes from the following formula [h1.k1, h2.k2] = [h1, h2].[k1, k2] whih is true
for hi ∈ H and ki ∈ K. The seond assertion is trivial. Q.E.D.
2.2 Coprime diret fators of a nite group G
In this paragraph, we make use of the famous Remak-Krull-Shmidt theorem on the deomposition of nite
groups into indeomposable diret fators.
Definition 2.1  Let A and B be two nite groups. A and B are said to be oprime if no non-trivial
diret fator of A is isomorphi to a diret fator of B.
Proposition 2.3  Let A and B be two diret fators of the nite group G. Assume that A and B are
oprime. Then A ∩B = 1 and A.B is a diret fator of G.
Proof  Let C be a diret fator of G suh that:
• A is a diret fator of C,
• The indeomposable diret fators of C are isomorphi to diret fators of A,
• C is maximal having these properties.
To nd suh a C, it sues to take a maximal element of the set of the diret fators of G satisfying the
rst two onditions. That set is non empty beause it ontains A.
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Dene also D, a diret fator of G, suh that:
• B is a diret fator of D,
• The indeomposable diret fators of D are not isomorphi to any of the indeomposable fators of A
(this implies the same thing with C instead of A).
• D is maximal having these properties.
As before, to build suh a D, it sues to take a maximal element of the set of the diret fators of G
satisfying the two rst onditions. That set ontains B, beause B and A are oprime, as well as B and C.
It is lear that C and D are oprime. Let us now prove that G = C.D, and that it is a diret produt
(i.e. C ∩D = 1). We will have nished proving the proposition beause A∩B ⊆ C ∩D = 1, and if C = A.U ,
D = B.V are deompositions into diret fators G = (A.B).(U.V ) is a deomposition of G into diret fators.
Let G = A1...Am.B1...Bn, be a deomposition of G into indeomposable diret fators , suh that eah
of the Ai be isomorphi to a diret fator of A, and suh that none of the Bj be isomorphi to a diret
fator of A. We now show that C is isomorphi to A1...Am. We write G = C.S as a diret produt. It
is lear that every indeomposable diret fator of S is, up to isomorphism, one of the Bj , by maximality
of C. Aording to the Remak-Krull-Shmidt theorem, S is isomorphi to a partial produt of A1...Bn,
therefore it is isomorphi to a diret fator of B1...Bn. Thus, |S| 6 |B1...Bn| and |C| > |A1...Am|. Again
using Remak-Krull-Shmidt, C is isomorphi to a diret fator of A1...Am. It follows that C is isomorphi
to A1...Am.
Likewise, we show that D is isomorphi to B1...Bn. In partiular |C| × |D| = |G|. We still have to
prove that C ∩ D = 1. Consider the subgroup C.D. It ontains C as a diret fator. But C is isomorphi
to A1...Am. So C.D ≃ A1...Am × ((C.D)/C). Now D is also a diret fator of C.D, so aording to the
Remak-Krull-Shmidt theorem, D ≃ B1...Bn is isomorphi to a diret fator of (C.D)/C ≃ D/(C ∩ D).
Thus |D| 6 |D/(C ∩D)| whih shows that C ∩D = 1. Q.E.D.
Corollary 1  Let G = B.C be a deomposition of G into diret fators. Let A be a diret fator of G,
suh that A and B are oprime. Then the projetion of A onto C is a diret fator of G.
Proof  We know that B.A is a diret fator of G. But B.A = B.pC(A), where pC is the projetion onto
C with respet to B. This shows that pC(A) is a diret fator of B.A, hene also of G. Q.E.D.
2.3 Diretly deomposable subgroups of G
In this paragraph, we dene the onept of diretly deomposable subgroups, and show two propositions
that will be needed later on.
Definition 2.2  Let G be a nite group and D a subgroup of G. D is said to be direly deomposable
in G if D = (H ∩D).(K ∩D) for every deomposition G = H.K of G into diret fators.
Proposition 2.4  If D is diretly deomposable in G, then for every deomposition G = H1...Hm of
G into diret fators we have D = (H1 ∩ D)...(Hm ∩ D). Furthermore, if D is a normal subgroup of G,
G/D = ((H1.D)/D)...((Hm.D)/D) is a deomposition of G/D into diret fators.
Proof  We start with the proof of the rst part of the statement. Consider a xed deomposition
G = H1...Hm of G into diret fators . It is easy to see that D = (H1 ∩D)...(Hm ∩D) is equivalent to the
following statement : for all d = h1...hm ∈ D with hi ∈ Hi, hi ∈ D. Let d = h1...hm ∈ D. As D is diretly
deomposable in G, D = (Hi ∩D).((H1...Hi−1.Hi+1...Hm) ∩D) for all 1 6 i 6 m. But then hi ∈ Hi ∩D.
Assume now that D is normal in G. We have G/D = ((H1.D)/D)...((Hm.D)/D). Sine (Hi.D)/D ≃
Hi/(Hi ∩D), it is true that
|(H1.D)/D| × ...× |(Hm.D)/D| = (
|H1|
|H1 ∩D|
)× ...× (
|Hm|
|Hm ∩D|
) = |G|/|D| = |G/D|,
whih shows that G/D = ((H1.D)/D)...((Hm.D)/D) is neessarily a deomposition of G/D into diret
fators. This ompletes the proof of our statement. Q.E.D.
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Proposition 2.5  If T is a normal subgroup of G suh that T ′ = T∩G′, then T ′ is diretly deomposable
in G.
Proof  Let G = L.M be a deomposition of G into diret fators. Write T = (A,A;B,B)ϕ. Clearly
T ⊆ A.B, so T ′ ⊆ A
′
.B
′
. But T is a normal subgroup of G so aording to paragraph 2.1 A
′
⊆ A and
B
′
⊆ B. Thus, using A.B ⊆ T , we get the following hain of inlusions:
T ′ ⊆ A
′
.B
′
⊆ (A.B) ∩G ⊆ T ∩G′ = T ′.
These inlusions are then neessarily equalities, so we have T ′ = A
′
.B
′
= (T ′ ∩ L).(T ′ ∩M). This shows
that the subgroup is diretly deomposable. Q.E.D.
3 Two speial ases of the theorem
In this setion, we prove the theorem in the two speial ases:
• G is a ommutative group,
• G′, the derived subgroup of G, is equal to G.
As in part 2, G stands for any nite group.
3.1 The ase of ommutative groups
We show the following result:
Proposition 3.1  Let G be a ommutative nite group and G = H.K a deomposition of G into diret
fators. Let H0 be a subgroup of G, suh that H and H0 are isomorphi, as well as G/H0 and K. Then H0
is a diret fator of G.
As in the general ase, we prove the statement ab absurdo taking a ounter-example (G = H.K,H0)
whih is minimal with respet to CardG.
We shall need a few lemmas, whih we now state:
Lemma 3.1  H0 does not ontain a non-trivial diret fator of G.
Proof  Let L ⊆ H0 be a non-trivial diret fator of G. L is also a diret fator of H0. After hanging H
if needed, we may assume that L ⊆ H beause, sine H ≃ H0, H also ontains a diret fator isomorphi to
L.
Let us now onsider the group G/L, whih has strilty less elements than G. G/L ≃ H/L×K, H/L ≃
H0/L and (G/L)/(H0/L) ≃ G/H0 ≃ K. Using minimaliy of G, we may take P a subgroup of G, L ⊂ P , suh
that G/L = (H0/L).(P/L) is a deompostion into diret fators. We then have G = H0.P , with H0∩P = L.
But L is a diret fator of P , so P = L.K0. This yields G = H0.K0, with H0 ∩ K0 = 1. But that is
impossible, beause of our assumptions on G. Q.E.D.
Lemma 3.2  G is a ommutative p-group.
Proof  Write G = Sp.L where Sp is a non-trivial p-Sylow of G and L is the Hall p
′
-group of G. We would
like to show that L = 1. Clearly, Sp = (Sp ∩H).(Sp ∩K) and Sp∩H ≃ Sp ∩H0. Moreover Sp/(Sp∩H0) and
(Sp.H0)/H0 are isomorphi. But the latter group is isomorphi to the p-Sylow of G/H0, whih is therefore
isomorphi to Sp ∩K.
Now if L > 1, minimality of G shows that Sp ∩ H0 is a diret fator of Sp, therefore also of G. This
ontradits lemma 3.1, so we do have G = Sp. Q.E.D.
Definition 3.1  Let A be a group. We write ω(A) for the l..m. of the orders of the elements of A. If
n is an integer, let ℧n(A) be the smallest subgroup of A whih ontains xn for all x ∈ A.
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Lemma 3.3  ω(H) > ω(K).
Proof  Again, we proeed ab absurdo. Assume ω(K) > ω(H). We know that G is a ommutative
p-group, so ω(K) = pk and ω(H) = ph, with h 6 k − 1. But then ℧p
k−1
(H) = ℧p
k−1
(H0) = 1 and
℧
pk−1(G) = ℧p
k−1
(K) > 1. We have ℧p
k−1
(G/H0) ≃ ℧
pk−1(K), but ℧p
k−1
(G/H0) = (℧
pk−1(G).H0)/H0 ≃
℧
pk−1(G)/(H0 ∩℧
pk−1(G)). It follows that H0 ∩ ℧
pk−1(G) = 1.
On the other hand, G/℧p
k−1
(G) = ((H.℧p
k−1
(G))/℧p
k−1
(G)).((K.℧p
k−1
(G))/℧p
k−1
(G)) is a deomposi-
tion into diret fators, (H0.℧
pk−1(G))/℧p
k−1
(G) ≃ H0 and (H.℧
pk−1(G))/℧p
k−1
(G) ≃ H .
Finally, (G/℧p
k−1
(G))/((H0℧
pk−1(G))/℧p
k−1
(G)) ≃ (G/H0)/((H0℧
pk−1(G))/H0) ≃ K/℧
pk−1(K). There-
fore, again by minimality of G, we may onsider a subgroup K0 of G whih ontains ℧
pk−1(G) and suh
that G/℧p
k−1
(G) = (H0.℧
pk−1(G))/(℧p
k−1
(G)).(K0/℧
pk−1(G)) is a deomposition into diret fators. But
then G = H0.K0 and CardK0 = CardK. So H0 is a diret fator of G. We have reahed a ontradition.
Q.E.D.
Lemma 3.4  Let A be a ommutative p-group. Let D be a yli subgroup of A with maximal order. D
is then a diret fator of A.
Proof  We prove the lemma by indution on the order of A. Write A = B.C, where B is an indeom-
posable diret fator and C a supplementary normal subgroup to B in A. As D is yli, either B ∩D = 1
or C ∩D = 1. If C ∩D = 1 then as CardD > CardB, A = C.D is a deomposition into diret fators.
From now on, we assume B ∩D = 1. q, the projetion onto C aording to B is a monomorphism on D.
Thus q(D) is a yli subgroup of maximal order of C. The indution hypotheses then shows that q(D) is a
diret fator of C. So B.D = B.q(D) is a diret fator of A, therefore D is a diret fator of A. Q.E.D.
We now prove the atual proposition.
Proof  Let D be an indeomposable diret fator of H0, of maximal order. Aording to lemma 3.3, D
is a yli subgroup of G of maximal order. Aording to lemma 3.4, D is also a diret fator of G. But that
ontradits lemma 3.1. The proposition is true. Q.E.D.
3.2 The ase where G′ = G
Proposition 3.2  Let G be a nite group suh that G is equal to the derived group G′ and G = H.K
a deomposition of G into diret fators. Let H0 EG be isomorphi to H and suh that G/H0 is isomorphi
to K. Then H0 is a diret fator of G.
Proof  As usual, onsider a minimal ounter-example (G = H.K;H0).
We show that H0 is diretly deomposable in G. H
′
0 = H0 beause H0 is isomorphi to H and G
′ =
H ′.K ′ = H.K. It follows that H ′0 = H0 ∩G = H0 ∩G
′
. Proposition 2.5. then gives the result.
Moreover, H0 does not ontain a non-trivial diret fator of G. It is an exerise to show that, proeeding
in rather the same way as in lemma 3.1.
Now, let G = H1...Hm.K1...Kn be a deomposition of G into indeomposable diret fators suh that
H = H1...Hm and K = K1...Kn. As H0 is diretly deomposable in G, proposition 2.4 shows that
G/H0 ≃ (H1/(H1 ∩H0))× ...× (Hm/(Hm ∩H0))× (K1/(K1 ∩H0))× ...× (Kn/(Kn ∩H0)).
But none of the Hi/(Hi ∩ H0) and none of the Kj/(Kj ∩ H0) are trivial. So G/H0 ≃ K ontains at
least n+m indeomposable diret fators in a deomposition into irreduible diret fators. We dedue that
n+m 6 n, and m 6 0. We have reahed a ontradition and out proposition is proved. Q.E.D.
We have shown that if (G = H.K;H0) is a ounter-example to the theorem, then 1 < G
′ < G. It is the
starting point of our proof of the theorem.
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4 A few preliminary lemmas
From now on, (G = H.K;H0) is our minimal ounter-example to the theorem. A few lemmas follow, whih
are useful to desribe H ′0 and Z(H0) in G.
Lemma 4.1  We have the following properties.
1. H ′0 = H0 ∩G
′
,
2. There exists M EG suh that G =M.H0 and M ∩H0 = H
′
0,
3. G/H ′0 and G/H
′
are isomorphi, as well as M/H ′0 and K,
4. G/H ′0 = (H0/H
′
0).(M/H
′
0) is a deomposition of G/H
′
0 into diret fators.
In what follows, we x a subgroupM one and for all, whih omplies with point 3 of lemma 4.1.We now
prove the lemma.
Proof  Let us start with point 1. Clearly G′ = H ′.K ′ is a deomposition of G′ into diret fators.
Therefore G′/H ′ ≃ K ′ ≃ (G/H0)
′
. But (G/H0)
′ = (G′.H0)/H0 ≃ G
′/(H0 ∩ G
′). It follows that CardH0 ∩
G′ = CardH ′ = CardH ′0. But H
′
0 ⊆ H0 ∩G
′
, so the two subgroups are atually equal.
To show point 2, notie two things. First, G/G′ = (HG′/G′).(KG′/G′) ≃ (H/H ′) × (K/K ′). Then
(G/G′)/((H0.G
′)/G′) ≃ (G/(H0.G
′)) ≃ ((G/H0)/(G
′.H0)/H0) = (G/H0)/(G/H0)
′ ≃ K/K ′. As G/G′ is
ommutative, we may use part 3 to show that there exists a normal subgroup M of G ontaining G′ suh
that G/G′ = ((H0.G
′)/G′).(M/G′) is a deomposition of G/G′ into diret fators. This proves point 2.
We now proeed to prove the two last statements. G/H ′0 = (H0/H
′
0).(M/H
′
0) is a deomposition into
diret fators. Moreover M/H ′0 ≃ (G/H
′
0)/(H0/H
′
0) ≃ G/H0 ≃ K, and H0/H
′
0 ≃ H/H
′
. So G/H ′0 and
G/H ′ are isomorphi. Q.E.D.
We now state a orollary of the above lemma, whih is ruial in the proof of the "diret extension"
theorem.
Corollary 1  H ′0 is diretly deomposable in G.
Proof  It is an immediate onsequene of proposition 2.5 and the above lemma. Q.E.D.
The orollary shows that taking the quotient by H ′0 is ompatible with any deomposition of G into
diret fators. More preisely, if G = L.M is a deomposition of G into diret fators then G/H ′0 =
((L.H ′0)/H
′
0).((M.H
′
0)/H
′
0) is also a deomposition into diret fators.
Lemma 4.2  We have the following properties:
1. Z(H0) = H0 ∩ Z(G),
2. Z(H0) is a diret fator of Z(G),
3. Z(M/H ′0) = (M ∩ (Z(G).H0))/H
′
0.
Proof  Z(H0) ≃ Z(H) and Z(K) ≃ Z(G)/Z(H). But Z(K) ≃ Z(G/H0) ⊇ (Z(G).H0)/H0 ≃
Z(G)/(H0 ∩ Z(G)). Therefore |H0 ∩ Z(G)| > |Z(H)| = |Z(H0)|. But we know that H0 ∩ Z(G) ⊆ Z(H0).
Hene the equality of the two groups. We have also ahieved Z(G/H0) = (Z(G).H0)/H0. This ompletes
the proof of the rst point.
For point number 2, notie that Z(G)/Z(H0) = Z(G)/(H0 ∩ Z(G)) ≃ (Z(G).H0)/H0 = Z(G/H0). As
G is not equal to its enter, it follows from the minimality of G that Z(H0) is a diret fator of Z(G).
To prove the 3rd point, onsider the natural isomorphism σ : M/H ′0 7−→ G/H0. We have
Z(M/H ′0) = σ
−1((Z(G).H0)/H0) = {x.H
′
0 ∈M/H
′
0/x.H0 ∈ (Z(G).H0)/H0}
= {x.H ′0/x ∈ Z(G).H0, x ∈M} = ((Z(G).H0) ∩M)/H
′
0.
Hene the announed result. Q.E.D.
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Lemma 4.3  H0 does not ontain a diret fator of G other than 1. Similarly, H0 is not ontained in a
diret fator of G other than G.
Proof  The rst statement is left as an exerise. We prove the seond one, whih is as simple as the rst
one.
Let G = L.N be a deomposition of G into diret fators. Assume N > 1 and H0 ⊆ L. Clearly
G/H0 = (L/H0).((N.H0)/H0) is a deomposition of G/H0 into diret fators. Sine K ≃ G/H0, N ≃
(N.H0)/H0 is isomorphi to a diret fator of K. We may therefore assume that N ⊂ K. We may then
write G/N ≃ H × K/N . But H ≃ (H0.N)/N , and (G/N)/((H0.N)/N) ≃ (G/H0)/((N.H0)/H0) ≃ K/N ,
beause (N.H0)/H0 is a diret fator of G/H0 whih is isomorphi to N . It follows that (H0.N)/N is a
diret fator of G/N , using minimality of G. Thus we have a normal subgroup P of G ontaining N suh
that G = (H0.N).P with (H0.N) ∩ P = N . It is now lear that G = H0.P is a deomposition of G into
diret fators. That ontradits our assumption on G. Q.E.D.
5 The proof of the theorem
We may now proeed with the atual proof of our theorem.
Proposition 5.1  H ontains no non-trivial ommutative diret fator.
Proof  Again ab absurdo. Let A be a non-trivial ommutative diret fator of H0, whih exists sine
H ≃ H0. We know that G/H
′
0 = (H0/H
′
0).(M/H
′
0) is a deomposition of G/H
′
0 into diret fators. It is easy
to see that (A.H ′0)/H
′
0 is a diret fator of H0/H
′
0 and hene also of G/H
′
0. Thus there exists a diret fator
N/H ′0 of G/H
′
0 whih ontainsM/H
′
0 and is a supplementary subgroup of (A.H
′
0)/H
′
0. But G = A.N is then
a deomposition of G into diret fators sine (A.H ′0) ∩ N = H
′
0 and it follows that A ∩ N ⊆ A ∩ H
′
0 = 1
(sine A is a ommutative diret fator of H0). We have shown that A ⊂ H0 is also a diret fator of G.
This ontradits lemma 4.3. Q.E.D.
Proposition 5.2  If L is a non-ommutative diret fator of G, then L ∩H ′0 > 1.
Proof  Ab absurdo. Let L be a non-ommutative diret fator of G suh that L ∩ H ′0 = 1. We may
suppose that L is indeomposable. Then as H ′0 is diretly deomposable in G, (L.H
′
0)/H
′
0 is a diret fator
of G/H ′0 isomorphi to L. But L and H0/H
′
0 are oprime beause L is a non-ommutative indeomposable
group and H0/H
′
0 is ommutative. Then ((L.H0)
′/H ′0).(H0/H
′
0) is a diret fator of G/H
′
0 by proposition
2.3.
Now let H ′0 6 P EG, suh that G/H
′
0 = ((L.H
′
0)/H
′
0).(H0/H
′
0).(P/H
′
0) be a deomposition of G/H
′
0 into
diret fators. Then we have G = L.(P.H0) and L ∩ (P.H0) = L ∩ (L.H
′
0) ∩ H0 = L ∩ H
′
0 = 1. We have
reahed a ontradition sine this implies that P.H0 is a diret fator of G distint from G and ontaining
H0. Q.E.D.
Proposition 5.3  If A is a ommutative diret fator of G then H0 ∩ A = 1
Proof  Consider H0.A ⊂ G. Clearly Z(H0).A ⊂ Z(G) and Z(H0) is a diret fator of Z(G) (by lemma
4.2). Proposition 2.2 shows that there exists B a supplementary of Z(H0) in Z(H0).A. It follows that
H0.A=H0.B with H0 ∩ B = Z(H0) ∩ B = 1. Thus H0 is a diret fator of H0.A. In the same way, A is
a diret fator of H0.A beause it is a diret fator of G. But aording to proposition 5.1 H0 and A are
oprime. Therefore H0 ∩ A = 1, using one again proposition 2.3. Q.E.D.
We may now prove the theorem. Clearly K is non-ommutative, otherwise, H0 ∩ K = 1, beause of
the above proposition, and we would then have G = H0.K. This shows that K ontains at least one
non-ommutative indeomposable diret fator.
Let X be the lass up to isomorphism of an indeomposable non-ommutative diret fator of K of
minimal order. If L is a diret fator of G whih is a member of X then L′ ⊂ H ′0. That is true beause
L/(L ∩ H ′0) is isomorphi to a diret fator of G/H
′
0 ≃ (H0/H
′
0) × K. But L ∩ H
′
0 > 1 aording to the
orollary of proposition 5.2, whih shows that all the indeomposable diret fators of L/(L ∩ H ′0) have
stritly less elements than a member of X . By onstrution of X , all the indeomposable diret fators of
L/(L ∩H ′0) are ommutative, so L/(L ∩H
′
0) is itself ommutative. We have shown that L
′ ⊆ H ′0.
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Let N be a diret fator of G isomorphi to a diret produt of members of X . Also assume that N is
maximal in that respet. It now sues to prove that N is isomorphi to a diret fator of H0, and we will
have shown that a ounter-example to our theorem annot exist.
Clearly N ′ ⊆ H ′0. H0/H
′
0 is a subset of the enter of G/H
′
0 beause it is a ommutative diret fator
of that group. Likewise, (N.H ′0)/H
′
0 is a ommutative diret fator of G/H
′
0 beause N
′ ⊆ H ′0. Therefore
(N.H0)/H0 ⊆ Z(G/H
′
0) = (H0/H
′
0).(((Z(G).H0) ∩M)/H
′
0) (by lemma 4.2). So H0.N ⊂ H0.Z(G).
Now H0.Z(G) = H0.S, where S is a supplementary of Z(H0) in Z(G). Clearly H0 ∩S = 1 and therefore
H0 is a diret fator of H0.Z(G) ⊃ H0.N . We have shown that H0 is a diret fator of H0.N and that its
supplementary is ommutative. On the other hand, N is a diret fator of G and thereby also of H0.N . We
now use the Remak-Krull-Shmidt theorem on H0.N . Notie that N has no non-trivial ommutative diret
fators to obtain that N is isomorphi to a diret fator of H0. This is preisely what we have striven to
show. Our theorem is now proven.
6 Some additional remarks
1. The theorem no longer holds if G is innite. We give a simple ounter-example. Let G = (Z/p.Z)N ×
(Z/p2.Z)N, H (resp. K) the subgroup of G onsisting of all pairs (f, g) suh that f : N 7−→ Z/p.Z and
g : N 7−→ Z/p2.Z with f(2n) = g(n) = 0 (resp. f(2n+ 1) = 0).
Take H0 the subgroup of G onsisting of all pairs (f, g) with g(2n) = 0 and g(2n+ 1) ∈ p.Z/p
2.Z.
Clearly, G = H.K and H ∩K = 1. Moreover H0 is not a diret fator of G. But H ≃ H0 ≃ (Z/p.Z)
N
and K ≃ G/H0 ≃ (Z/p.Z)
N × (Z/p2.Z)N.
2. The following statement does not hold: "Let G be a nite group. If there exists a split extension
1 7−→ H 7−→ G 7−→ K 7−→ 1 then any extension 1 7−→ H 7−→ G 7−→ K 7−→ 1 also splits".
We give a ounter-example. Let A, B, C and D be four groups, eah one of them isomorphi to Z/p.Z,
and eA a generator of A. A ats on B × C by φ : k.eA 7−→ [(b, c) 7−→ (b, c+ k.b)].
Set G = (A⋉φ (B ×C))×D. Clearly B ×C is a normal subgroup of G, with A×D a supplementary
subgroup. This denes a split extension 1 7−→ (Z/p.Z)2 7−→ G 7−→ (Z/p.Z)2 7−→ 1.
However C × D is in the enter of G and G/(C × D) is isomorphi to (Z/p.Z)2. On the other hand
C ×D annot have a supplementary beause as it is in the enter, the semi-diret produt would be
trivial and G and (Z/p.Z)4 would be isomorphi. So 1 7−→ (Z/p.Z)2 7−→ G 7−→ (Z/p.Z)2 7−→ 1 is an
extension whih does not split.
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